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méDel e 75

= ﬁo*{b.rlll)"r/ho_ymjﬁ—;—~-+/5F_X,,i,+él‘
for J=10)1v. Hew, e 64 modd hat the exask fom §f fhe m‘ﬂ)’nal
gH mcRd bul X, fhe &”ﬂ\jW matix hihe 1¢ a nx (p+1) mahrx wilh
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enfrics ((x'\j))i:m)n.jn o WSk Xy denches 1ha Shsewszd
Qum}il? (or value) & fue (j—l)ﬁaxy‘ anﬂhﬂ—va)ﬁ\abla eLTvpnpen -
-Ax\v\a o fhe 1P ndividual for 3= 2G) b+, (Z1ON and
zy= | for ol j=1enn, l.e.

R;H - /1 Ty X2 ---- Xp
| Xap Yoo . ... Xap
| Zm Xaz ~ ~ --Xnp

Honpe , fias model 1s colled tW\M)-’ﬂ‘P{L [\ naan r(amm'on'

A, T porbadat, Mo p=1 o he 22 have m&(m
e,yaplahcdmﬁ voicble (- %y, x,} » e mduu_/a GM model
A % o dasign mablt and B = (fo, A1), s called
(S{n\P\L bveak Té\ﬁY{b{’fUm’. In bdh fhe canes, E(€)=0

ind. Vor(e) =0 In.

Example 3. Bne-waiy ANOVA maod .

Comgiden an gxpesment fiak fs perfamed fo gompam
b(>2) differenl levals E%OL hmhuﬂr\)‘/fmcl-ar . %rm L™ beat-
ek o), Auppose ak N experinental s obe
solated b vouowe and argigned Them to le (T Lovel.
Wz, Wo_ em congder Mhe myded i the gbgerved regpenses

%-,‘j — P-\- oL + €Y,

b
k‘i‘r ZZ‘ID—/'“IP ’ j:l(l)nr\ 9 %In"';h ? Whase E(Gﬁ)zo MD‘
vcm.(eb)ro'”' ¥ ). If dl the Toveds o), o, ~~y 4 Are conrdesed
2y Fred Conglomh o Thle muded Tsagpaﬂ)a.lmv{-m

D Whene
gl!\‘.i‘m'é% %“ nxpt| ‘J_._nl gnl in \““'—QD,
£ i ) X = [ 4ny One Spa - ---Ong ;
" ;
o :
N Znp Onp Opp = --dne
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Hx O*{/"(" “‘_\---/DQD ,
I\xl (6[,;621“’ Grm €21, -, Gzn1»~~—-, GPHP> W

dn; Sonstes an ) veskor s 1’8 amd On; denofes an
ex! veakey o 0% ik E(e)=0 and v(€) =0Ty,

Homa ) fro Past column T X I¢ The sum of- fhe last P
olumns  That means Jlune 1s & Uneon dopendemee n fhe
columns 3 X here. T, X fe -nok o Full ronk_mahrix ;
el the Ramk (x) = < Pt s et WWW
491%032 AnovA midel - Bn e other hawd, <Lmzah)r‘e{f
s (Excu le.2) one fhe medels M)J‘Vﬁ M form mﬂm

'”Q””) “Z? Fll ok (column) te.(b+).

Emmp& ly, “Two~ W) ANOVA model

T we ZX(’E!A_B ‘TU\LPYZMGM& W%andﬂpom}hnﬁp
anathon she foaker whdch s 9, (584) no. 6% lavels Then Mo
muLhM,Mﬁxl wodl2 Lo |

) }4-)-0(,4"/5)«%6;),

e By Ghe oo fived Cowshomt o Mike o fov £=10) P 3=l0)q,
Hones, o sampl alze , n=prd. Thate ofe Z0me vosdanks
5 s bmww/lmraal e atoonk one of-Me Aek from
(0(1;0(7_,-”,0(?) g ({bl,Fm_, ;M) can_ e C(m?zfldzl?lﬂ!w; Yondom
I nafure - Tf w's and pls oS rar@ewe T the Dhove. madel

le colled 1w -ty rordom - et model , Wi o8 I
eillgn % or b mamm&hum@mm@mmw

wilated &8 madel & aalled o -iomy mixed effant

o.hsuc

e, . Hovrener n ’é'-'-*‘i"' mCﬁWﬂ»’PDﬂg f\% X makrix s
gt o fie 1q QfL - 0¢ €1 o8y« ... a8y

;q, .qu 49/*“"92/'1.@! q,_@?_ - ~""‘L-e¢

I
)

fg 02 Q----fa & & - --a
- — C—
N P~ texms a_-ferms
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Paxix | -
a/nel /_b_ 1’(’4 ;0<):0('L). N 0('»;‘6’/ /*’”-/"'—«. /))q,')?
Jdhe oy denoker the voekar & ordex @X1) o

fowo - moded 137l OT\,QL; Fix.eol c{)")@d; /S&lﬁf\'f‘l\-ﬂ% e 4 (,/'l "y
Hon ob oM nsdel oRen. Y ok apsundd fo be independ-
-enk (3o eebables il E(G;‘j) =0 omd V(Cﬁ) =00,
v g The X mabix e not n‘{« full eolwmn Tardc beeavne
e add up T last g0 colwouns o x B gek Tl firsk

asjumn. .

E)WN\E‘(L 5. r\-halqs\s o‘{a covodd amce. model
Ol dene Tho Sawe. okpoxi ponk- 5- caw/pasfjmﬁ. p&2)
fperent lovels & o treatwonk/fockn buk afes. adjust-
ng for fie dlets of-a covoriate , sy E. Tunhore
tha wo'ﬂ;ﬁt;él modd o Which 1s alled e akmh,',sq‘s zr%—
covosdamar mede. Wil s coneomifork yodable (hore
z) 1 ghen o
W — ¢ - Pl Ey p
- FT‘O( y p : # ; ' denokes
for 1=10)p and 3 =10 =M U&v [b':
to Slope. of-the Lne fhak velakes di =831, bin, -~ » )
o= () Xy e, Xiny) P The 12 heakmont (or
Lok of 2 fo be
I Lovel of- T Qfau'af)  Pove Xiy’s Ate assun
;bu;él .:ﬁﬁ;‘s msdel fe amothor Spec)al. eam,ls{; & M madeh
cinae oM oflus- q/uam#h‘ﬂa 6l above medel cary
AOMAL ma/ﬂ)ug and asswmphons Cif—owy) of- e madel
dgaribing I Exa/wtf’lf— 5, for exampl , wiln p=73
J we have

/
Yy = (g‘lf ) 'tz )(3[!3737,/24412. REY ¢31 s I&j’q" lﬂ'ﬁﬁ)
/_b_':(/y(, d{,%‘z;d};ﬂl?ﬂ‘-—/ﬁﬂ) Cl/"-f?[‘

k=1(1) 4. Howewe, o pan &M meded 1o Conconndd , i

Scanned with CamScannéf



qx7 | t 0 0 x, 0 O
X = ( 1 0 D Xx. 0 D0
(-1 6 O X% O 0
Lo (0 0 % O
t o U 0O 0 Ao O
| 0 | 0 0 Xp3 0
o0 | 0 0 M
1o 0 I 0 0 X
|1 6 0 I 0 0 %3

mex){h r\bf“cffv.ﬂ aofunn yank. | T fle

ok Tze coluns ot Lneasely A2 ejpendent— fie
Rank (x) = 6 LT e b 6 colwmns o X,

Pomasek 4. The yondow epeots o1 mixed egfeate ANOVA M),
| Which are. prealeely Alsausced In Example b, are
ol ab ol tha M el Aluee n Mose cones
Vo (&) # T2 In.

Qa,wﬁzk 9. Tme Series Moded .

Ahon  Maaswamaends o Jntorest vm\atbfn_, % wel{ A3 BEUL
fHh aux‘,\}ai,\’ wnables ohe token ever ‘hme’ , a wa”\';‘m’?‘“
il form Y= Xpte , Whne E(€)=0 Mle\ v(e)= oV sy
Tie form 8V 15 shuzen to widel fhe comelahon o e g soned
1‘()1?67\8215- for axample,

\J’c = {.50-‘)' 'QJI-'t + &, o)
e A2 IR it € = PEAE O s Re Y N (0,05 and [PI<!
(tRie Te & 'shﬁmah:\,tg’ ordibon on §4¢Y) - This medel \r called
o ‘Unean drend model” oune (e error precess §6 t=leom}
ollews Hhe AR(L) mRdel . Hic easy bo shouwr fRat E(6)=0
vt and Cov(ey, &) = o pltl y ot =100 Do, e
present mBel ds mok ot all fhe GM meded el V(E) F5-In -
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LIE\;LNL Ean;mfﬁm

Egﬁm;@w q¢ s - e mwh‘mpm\"‘ cenaept- 1
Dinean. miels - an&‘dp_)i,_ M\C"@Wj (hear medeh

Xl nxptt x|
Y= Xpte, R ( )

Slone 6(€) =0« The funlion ansumpi o %thmma&af#d@’q—
meded e V(e)= Iy de mob needed os pon as eshmabifi
s B comeed . Suppma, Rank(<) =7 <PAED . I =
(as In rzgm«&{cm modhe , s B(ampfv.%? ) tSHnd«,abM}f—rﬁ, CONCLN
vanlshes as @ e eshimabed by (= &)XY T r<pHha
cammon, chanastertshe 6 Anoua midds , ANCovA medele (sez
Exonplas 3,6 %5) , then (2 cannet be esfimaked U.n)ccw/{ﬁl
Homer., Wi 7s net etimable , cortadn foneHons o 2
may ke eabimable %ch\mﬂ ls an example. st sihaHon o
sne e nleregled - on- ffa eg.Hmmpa sfr cerlain
funedion-of [

Tn seme sfhdﬁan/shdy, stma oy Tl papameteis ot
o \inzan medel moy be -redundant-, - tne has 10 bbevvations
all of Tham measuing The- combined. welghd & an apple and
an Gronge, oTe cannolt hape o esfimate. ceight” &f-fhe. orange
olone. from ez measrements . Thgenexal, ij);me .

and not all, can ke esfimakzd from fua_

s o fie
m:ﬁmm Hgemss This Jecue. Tn fde seaffon. « Ruxlher, 16 3

HM&J’& flia C!ZFTV\PIGJ‘Q- ,é- G?“Ceﬁ'n}n JQ‘MO»HOWS 045__
Bon s how fo eehimake. I an ‘cptimal !
Aeange e 0 e noxk Seoffon .

\¢ poseible o €

)t fhe next ques
,mmn_qj_,. 'U\TQ_SWI

Gome_bode Jacks.
" Trvespthe df e nafuwse of- i oszaeatad dexign ratri

WP ok 3t has fll rank.or ot daseical Anforencc problens
wlabed fo10e Uinear msded (5) eoneern. o Hmamcpammahk

W‘m’@’ﬁ"& ;ba*I 2’@’. ) uJhene af'—:(ﬂl))l;»“) ;\P-@"SQ ek

T
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ok b knoum sealar Qmaﬂ"r?m mak a; eir =#1=1()pth.In
that case , ene can filnk o) fle estimation of A by a Linoh
MMG{)'MWS&,W_ﬂ@_,W!/;@,h, ..... 1) &
g sek o} real wnknorons to -be foumd . The logie of considaring

2'y ds an eshimalor o AP 1 fra jonmi;g, Sinae Y Fheetly 1
oelled b a Unash funofion of-fs pananelor (o phig error
(i.e. mpel (8)) 5 T 1 veansnable fo @ofed*%b«af sne masf be able
to eshiwate £ by some kind of-a lincak fransfermabior T fhe
reverse divesfion . Thie 1 ne !—rg to eshmale any ['wean
pmmaHaﬁMHm by ¢ linean esHmate>, thak s, as Dineat
JuneHons ot Y = (s thayanes o))

ke o = 650 X3 =AY,
Mot al leaek squant  €SIEAT

e, A S on wnique pix - mabix. Henae , Lok squane
echmale Bi = @'y Widh 3s dndeed o Linean Punaben of Y
for oy r, L=0(|)P, whexe Q-,'/ devotes, the 1Y poto veckor o‘%—l‘p\_o.
mamx A, Bne pomk T funffgh nofted fRat for come i, fhe scalan
pnanalt, ek (i Can- #l40 LQ—'EJrW'iFm It formeoly fre
Lineah PWCL :ﬁ)\l\AHU’b 2//'9. g i Ihak-cans /l,: (D)D';‘"”l,&q}_.';.rlgpos)hbn
T, 2B , baing o certain finahion- B o knovor 2,15 e voost-
ool form B & PWN%CS?\W oy % /ﬁéﬂjﬁm e

Hsoll o ponadvet-) O THL n iy, e
;;drfa <twahon GIV?MWL Renk(x) W:—Eﬁ s < B

Falmabi D Linasse Pmm*ﬁ«'a o (LPF

Fr oueutade eshmabon o fhe LPF 2R, 7t 9¢ desirakile
ok fra ethmakar Je ot sA{.sYemchaly away) from (e ¢ hue’
Uale g Tha pohameleh fe. LPF AR Hence, fa concept ot
ces.Hw\ab),Q;I-a, fe tnvoked ‘Tzf’fu‘cl/\ asswus The clasenecs bl o
pshimatoe to ks e vadie in &‘?QHU\HM . This Fe none oftaer fhaw
He ‘unbjacedness’ Pm’pwf‘a/ To hanve & lineadh eshmater, [Tie
unbimpodnegs ahsald come from omy Linean. eshmatar In Y , e 1Y,

1
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Definiion. & Linza Unblas ed Bsfmatar (LUE)

N \

A stohebie gf e fom _?_/iﬂi ':jj::r/ﬂ'%' 1% Iéfa]al ‘{;o
bo @ Uneah unbloed <stnator ¢ 7 & E ()= 22
o alt goseisle, s oo
Definifiow + Behmabi iy «

A Lincot paranehic fonetion (say AP 7= paid fo
be eshmable j-and only It frene exiele o Lineat unbjaed
eahimats fov 7t

Qao Tho exitfence of Dnear unbronad eshmafe’ s
Ho primany Comcrit here and ‘umb}mdnw’m
refors he fem ' esfimable’, Henwe , o more a,/apzofnm
e o sk @ funeflon. should be. “Livessly eshnabk’

Po st
Ondas e medel agaumpfion. y = Xpb +& , Likke

Be)=0 s & Lnean parametnc funchon Ak s .es;é/‘m;é/e
(Uineatly) TF Hom axisfs a veslor L Bush [k 3= 0%
tak4e 2fe R(X) , the row space F R
oot B-Rank  Suppose That” ale R(x) re. Toene exishs

m cuoh. al A= t'x  (pre-mulhiplcation of-x
; ¢ _NEN/ a3 consdon LY an an (inea_-estimatar;

o E(L4) = LE[)=LXR =2k VA

Tundore. AP Jo eshmable. .
ouly Hponks  Suppow fhak 2p s espnable . Ten
thuhe must exist a Aineah unbioed esfimafor for Af.
Posume ér'!i e fho. Lineoh eshmatar totach pIEsess e tha
wih lanod pfﬁ})&f?/fﬁaiz's

B(eY) = AP

— do
W we have E(e4)= LEY)= £'Kp . o,
" Ap = Uxp & K=px & NeRx) vA+0 m
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Revarkl. © For q mahix

£

mxn ,
A = (_c_h QAa. . .k_gn), Ahe 4; 13
mx) vestor for 32100y fhe columm spass of A
/s defined

m N
OE E(A_J €eR ' @ =23 c.ay; gem,j;/r.)n}
= fggﬂg"‘: W= Ac g_enz"}.

Thus eolumn spase i a mahix , salf f;\;’i 15 (e
sob of all mx| veofass spasned by e alumns ¢
A and JF I Aenofed by B(A). On e ek way,
(A s the set -all possible lneax combinabions
& o Coluwmns 5{;14,'7[& dinension of GOA) 7s the
oolumn yank Of’ A

mxn ,;/
For fte mahrix A = al\ , whne ;77 1xN
%!
/3
!
'/
Gm

vestor or a° 7s nx) veotor o 1=10m , e rewy
LA med AL
gpaoe of A K define
e u'=T de O diER L izl ]
= U ’ = f*— 2 ] ) -1
Rea) = 3 U u'=3 di-4

= fuer': u'=dA; demrM}.

—M}) w Ub’ ah\ah"‘)‘ ' bav 'X’,} 'T\S nf S’f} (g
Al 3¢ vealmrs gparned by fie rots 0§ A anel HF s
denoted by R(A) ., Ba Me 6lhoe words R A) 1% Me
sk of all pocsible l'nean eombinadions i fe
ros o A The dimension of ®R(A) s the row
nank, of A

Dimension of RA) (or E(*)) equals fo ro. of Indepandont
veakns belerg to ihe ®(A) (m" BA)).

"
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Remank 2., The neaitaty and suffitclent condition . /’16626()
b eshma,b;ﬁ? g A , mentioned T foe lant
resulk, can also be equiv writen
Ae B(X) s e cofumn space’ 6 X Ta condibim
}e@(}() Theans [z exlsf- o veador £ sueh faat
A= %, C! o. P@gl_ mu,u'//)ffcaﬁm 56*)( é,«/ Z)

Remark 3. The condihsn /"'4 @200 - reforsito the
f)~ X for some £6/R , iuch /sail's 25 a
e

IXPF
A= Uk
= _{f Xc,) = :Z. QI'K&) )
/ v2/
Ko

1
!

IXPH }_((r{) Cfh | il
s Ty ot o 35 10 nbix X
S)W\[WL@ m%wvdwﬂwd!h &9 2 EE(X") refus
thak 3~X’Z ﬁarsomfefR” Thi's means A e
o Lincar Gombinadion of fae cofumns of- the x*
aprx S orden Pk ie.

[ X[ .
ZJ——-— X/Z :’-(E(r) 2 XCI’-)) ER 5(/0) Zf
A
/
N tn
Z e,) XU) )
mx’ J——I Txn

WK@WW B colurn OF makix X°.
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Example 6. (onsden IRe she-wny fixed effeaks Anoya mdel shaked
in Bample 3, Take P=3 and n;=2 Vi) p.

Hewee ,
[34]

] :(‘éu, Biz2 , a1, Yo, Yar, ‘3-32_>/

e b and s
x = O O ! P - /'(
| O 0 - K,
10 | O %
(I o | O X3
0
0

0 |
\ 0 )

ANote fhai™ Eemk(x> =3 , 60 X '}s;qof o fuld ek, TU\aizcﬁorz_

[ 1s ot wdcbualx/ eshmable as (X'x) Ao w‘rw}sk\ In e |
Atuation, ohe MN]’ be '\‘n}m’l&}eﬁm Tn eshmakion oﬁL Iineas Pa?mf?\c
Sanation « sb as aswdenr some pohmehie fmeHons 2/‘@ and cheak

\ A
Hhaly €shmabr & i'a—.

}Eﬂ”‘“‘m” (rarameie fimatioy) .4 s Hnubk?-(m I g’e@@
Ap= 2=(1,0,0,0) No
Np = W p.=(0,1,0,0) No
Yo = p ¥ b’:Q,\,0,0) Yes
puf > o —da 2= (00,-1,0) Yes,
Ao T [t Aot t _3_,’5:(1,0,\,1) No
N = oy X :(o,),—‘aw%_)  Yes.
Since 2ip, M Mofo ate linoanly eshmable , Theve musk

and A
extel Iheot. umbiaed eshrvaloss e fom . Nofe That
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CE( ) = (prdy) + (prd)
> f(,li(\dj,,wuﬂ = ptdy = aj/ﬁ)_.HQYQ,_Q_;:(‘%’%’JO,D,O,O)'

° EG‘H-‘&ZD = (}*’*0(1 ~Q’“F°‘l) = H—dy 22;:(@,
Here, = (150,-),0,0,0).

. E () = E(\éz.«r‘s»):' g(fuo(i)
N E_(gm"‘;ﬂﬂ> = {(\?z,r): Pt o
Siwilnly . E(f3r) = Frob

Tin, [T = (For Yo )]
= (b)) — (zw-g_ﬁ%a)

— O(, - 0(1". d&

-—

y
Here, ﬁ;'-'—‘ (‘15_;—7':7 ’"'JLT /;'_’)51 ‘fﬁ‘i"'}_“) .
Al fhe edimaisia  bnoar esfimalues , de. Linean fumohion ot
He chspvations g=ffefom £9 , shininad above ane
oxpressed T fhe fom - £'y w2 for fre refeoH

echnwalns ane given abowe |
Definion :_Linectily Indsperdont Poramelrie finch'sms
Lineoh patanelie funetors Al , A2f, ., X6 op sard
sl bt o

0 @}_ 6‘_ HM'N'J.)\/ "f“-a—ﬁfml\afl\l—' Vt’d’(&\"S ,'l‘-e. A= (A_;,&pr&_ﬁ)
b o mafris EB—UI'AU‘— Pt xk , how rank k

9 (e eontext, & natunal qwﬁm oteses Yhat hour
any Ok (L}V\whhf }n%q:ng@\}— PathZMQ ﬁj\ch' my
e To s lils kb ws ke and prowe fie :ffﬂltmhzﬂ
stlr. .

4
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Qs
Cinden Tho. maded agguplisns Y =X+ € wkore BE(€) =0 , w
0aMN aﬂ;mu/ find v = Rank. () Jlmeadlj*/ fmzqve//@em}” esh'mable

/Whﬂ\f»« MMurvah, no CDlluHo*n/ s{- hnearesﬂwb e funobens
‘abf Sinac Ramla(x) =1, Tl exlss 7 m;)q)@,@w rous of-
the mahix X. vk The LMZ)(FPM’ZW rows e PP, oas R

Thonefure , %) (w ?ﬂ{b, I ?r(i are z0d T be b‘mmlx/ 11 ep--
- zndenk” Oubrmble jmmham

kA +

Lok A = (Alp, Mo 2kp) e amy collechon o
kohvmb\z fW(\O'HUM Then 216@&) - 1210) k and hnce,

ﬂ ::j_A-z." , MwZCJ ! desotes, o 37 roww,dmof

He mahtx X QM di’e oo sealans puch Mak nat all 2d;’
Mo 2exd Huw fhape exisks @ mafix D ool orden ki n
alth b N = (W) M, 2i)~2\ = DX .

A

_{_2

A
NEwW ) P\mk(/\’)" Rank (DX) & Ramk (x) =T. Hemae,
e oam be odmost r /by\mhhf '\lnaqu@m\)' esh makle
'RMhGMn . n

Resulk
Undon Ahe made) 0ssumphons U= xp+ €, uhane B(€) =0, he
least squoties ~eshwaloe XB ok an estimable lineat paaneirle

funetlon AL e & Uinear unblased eshimakar, of 2‘&
f_@‘ii “The. [eaak sq e QSHYM,I’Z/!" gﬁ—/& 1¢ F’ ()(x)—
O\SI»lUWMﬂ Foll yank Uj’x Thew , _)_[Q': 3(Xx)]7</_ﬂ_ = g :
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- -]
y Wb 1 = g@’x)"x’ o @ = @’é«;c) ’x/)/z x (%) A
s o nx] veafor ab X ond A am hawve NxpH and prix)
ordeh Yw]wz\iHvd;y | y | |
e, 2T a binoar esfimakor in 4 . |
Next, fo showr Thak A 4s unblaced , we adfisst knswr
Ap s eddimable & Ale ®R(x) , rowrspane of X
& HN=ax frsomea,
. £ = E (Y
= z\_’(x’x)"x’ E(‘;i)
= a,’@’x)"'x’x[g_ [ y=xp +_e_3
oand E(Q):—Q
Homae o provf. =
- ~ W AP 30 \ }~ !
E:guxva}u\l” neauod M{%awd‘(brdﬁwnstgw eshmab L‘Fjﬂ*ziﬁlﬁ
Frow Tz disoussin Modde sofpo. e knoo A'e @(¥) ar
A€ B(x') Ts The newssany and sulficient Conciban 4 pf ),
erSHWbLe, B'jc@%’;dQ}Z}YH TDO_QW\QQF‘FS{T(”MX 5
. . Spaee.” af
o wakt)x , one can eshbablch an equivalent necessany om
Sukfrc enk eondiBon o Mhe saume . My

Axpl

Leb Rank(x)=T . 2, ohe can find r i
in}WWUleSU%’X ond DKP% T&QWMYﬁPﬁS: 5+]-Y‘
aolumts 0% Ainean. towbinations of- v i Indepond onk
elumns of X . So, Those s ¢alwmns am_[_?neml;?» WMMB
hanee, Thene exist spve @T'»Exi--wg;ﬂéw\ rys

nx;lgi = ;\61 .

—

b i=10)e , fRak %, & € W) for i=1)s . How ()
denoles e nul Bpoee of X -
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Definition 2 ‘Null conod’ 6 a atrix,
T stk WC(A) = §8: A =0, e#0Y s galled fhe null spaec’
i A » dewotz=d b'dN('A).

T, CEVVA) T such o vestor aalan coeffidents such
That Linean- G,UWLB\JII\QﬂO'l\/ g fie_ Coluran veskes f=4 wrt the ceelficluk
0= @l,cl, c,,) o zexo , that s iz_a;.gi =0 jem
We (@1 Ga -, Go). S0, @ (40) F5 uch o veokos comsisting Tho
cocfficents Whleh makes The columns of A Linearly dependentT Kok
et dimension 6 V() = n— Rank (4) 15 ealled fla nulliby’ -

A

Ty cominuatfion o Toe disaussion , befove The above cicﬁl?m'Hm
13 null gpace, The {§1,§1,~~-1_Q<.k Jorms @ basis ’gcrf(’(x)n‘.e.,
QJ'—Q_,_,___,_Cs ohe I:Y\ea\hbj '\IMQPQN@MWQ, fhe_ nMWI
and sufficont condition
Ne Qi) & A= X, b sowe E40
& Nep = Q'Xg.' ['.‘ <40 ¥f:lﬁ)s}

& Ag =0 by defiirbn f W), Xg1=0 ¥ ]

e A& =0 for 1=1DS ohe The eq}ﬁva-lzvd— roctssaiuy ardl
sulficient eondihions fr 2p fo be esfimable.

Tipe ot two gaess § Intersh . £0) = R (x ) and (9,
T foa desiyn mafx X is o oden nxpr) bow mank i (@-;,5“)}
Hhen d}m%[f(x’)}: P = ﬁmf@(ﬂ} ond c@m{@(‘(x)} = R
-¢,G,- Ce are UY\,(ZLU«Q\} %ngepgmlgn.}- » Men {QJIQ"}"'I gs}
muek be & bnds Hor oA (x).

Ab echmable &> 2€ LX)
& s oriegonal fo evay \eetwr In W(x)

& L& Jorall 12108 sinae §e1,08Y js hawns.
& Alap=0 ¥ i=10)S.
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Example 7. (Two-mcu/ erosced ANOVA Tolh ho ']’nfe,mm%r\)_

| Reernsiloh. The linean- midel <taked in Exmmf)’(e,i} (g 15)
Lot hene. The moRe) captunes replicabions unlike to fua previtus
E><(P)M{>1&- (e, E,wmple_ Ly (Page 1‘5). Henne . -hoo—mw/
fixod effets ANOVA modal 18 i flen a%

iy = R oG By + €l

kv L= 1) Py 3= 10)F,k =10) ﬂb' . In fhe. pr‘e.w‘aub Eﬂamfk ‘L{ y
2 have Ahwron fhat X e nob of full vank o g =1 ¢ by

Tn 1R pregont- Teplloated medel Rk () il be. unchanged 5
In repl:‘cod?zd- madd all the *’W{’\/ odded vrrwse o X are noﬁﬁ
bt e vepeatofion o The- exishrg rows. Ore can choek. frat—
Pamk.(¥) = prq—1 4o, dimension VU7(X) = ptat!— p+d-)
=9 . Talclw%

4 |
C = omd (2=
=l _LF Le Qp
Oa —1q

produess  X& =0 and X2 =0 R%’P.Q&HVJJ]'- Rtz ¢ and
05 oL LPV\M}JJ] *\m@cpe/mféwp‘, Hanaz Eg_;,_@_i& T8 o bam's
) Thas nasssany and sufficiont coneibons o A o
b eshimable ML }

Mo =0 = o= 2N

(=]

&
_?i_/_C_z =0 Ay = jz ﬁj.
=1

Infhis eonbxt, Aome eehmable W‘m e Juded
() preirdy s @) di —otx s @) B Py |
Q\V) M{ COT\‘TM{- "\ﬂ Q{JS /ll‘ie‘ {g\‘ 0()! m fgtr - 0.
‘ %o =l =
(v) oy combagt "\n\é’s ) F~ef[ ff_))j@,j Woz}?%ao’

d=
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Readens ohe direaked Yo chook. the €3 mability s e above
funeons | A sob 1 Lroarely ndepordent _osfimable
finehons e

§ perolihBr o = o= 0p s Br= (o5 - - 1= (af
Ploave. also verihy 1hed stokement

g7 imporfant fo neke fhak Whon replication
prews y Le, When | v(hJ), ouw egﬁma,bgi;»z
finding’ vemain unchanged ob rzpl;‘mﬁm/ does ns
chomge R(X) . When some iy = 0, de., there one
missing eells esh'mb-i»@%ﬁ may be albfecked, due to
Hgse miseing cells .

Bosk Linear unblaced esfimation & Gauss-Mavkov Thesrem
MMWWWW\M’

“Tho. dofini tom o ‘estimabllity’ ot a binearporametive
Pumohon guanantzes m\i’g fle exfetenge ot af leant éne
nblowed estmate o an esHmable lineas )oa)zame/ﬂ“e;
Funation . T dees no - explicibly give a mehsd aﬂ-cﬁbjn}ﬁ
i, nor does it say foak 7k 7 The ‘besk” ecfimate .

Lo} 03 corgddsn. foe 618U - Markoy (I'vear) model
ond A ke an esfmable. lineak ﬂfnmma/w'c{‘umm‘n/uzd-
ps denote the linoas. unbiosed esfimakor sf- 2B by 24
bor 6oL LFD. .K\G‘W,ﬂ}'\/% e LUE g ty, mca/n,a[amyg
epnshoal anoffeh LUE by simply adding anclies linear
sormbinaflon &k the. response data , say a4y , Such Inat
E@’ﬂ_) =0 V2. Tws type of [fnear fine tisrsof regponse.

e called Aineat zexo famafion (LZF). 6ne may
semg froek ')n-lainil?;&/ many LZFs or atlack a Lage numbes
5& LZF: . Thwg, thee 7s a t(a}zﬁe e lars b.(g, LUEs 6{~om7
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) / ﬁ(__(’-}-ﬂ’)y

of-fle forn Uy = LY+ “—-;! \ 2
g}vx?.h- LeHmable. LPF. Now e q/tw_f;(—rm\, e howr o choose
fhe best’ LUE from Tils lange alars of-—LUES Fo a ghven
eafimable LPF. \Eq/ufvajﬂ%m/f‘ widech one 72 fhe ‘hest’
LUB from Muis lavge elass 2 By ‘best' LUE of the LPF
say Af, e meam e LUE wIlieh has spallet
valdauae. ameng ol fie LUG% fov M. So, Ttde "hes
LUE 1¢ clecozy a dinean famh’o—n/o-(f' W&eda'ja 7'
that 4s unblosed for Nb and has smallest-vatnanes
cunong el sush unbjaned Ainean eshmalate. We dofine
e formally belovr | |
Deftniflon ( Besk Linean, Unbjoned Es fiyratorn)

£ linear funohion &4 f Mo shsdnafins Y In The megel (2)
le zald 1o be fre Besk Li near Unbrawed B fimater(BLUE) st
P(Um,mﬁh”\c Punaton A > 16 1t safsfies fha follpwing

©» E@Y)= 2B, ‘

iy Van(a'y) < Von@y)
e any a*e R sabsfying () forall non-zerp -

Th The foliwaing ceotion we slall deal oy TFe. préblom.
o shimiwng fhe BLUE of- an eshimable LPF pf

The ULBHDT/O?'Y\g [heovem , wiich 's known op e Epnss -
Markev ffieorem s thza.m}’j ?n\forrfwm)r and helpfed n fie
thoovy of genoral (inean medel , as 7k provides an
mefuwd o vbimining fa besk Linean wnbianed eshimafar
(8L0E) 85~ &y eshmable lineote potiame fric fAunabim (tpr)
)_'(é ,In The madel (2) e auss - Markey medel .
| |
i

i 5 . ]

Scanned with CamScanner



3l

Tiostem, ( Gouss Markoy o).

Gr Tue mBel Y= xpt+e€ , E(e)=0> V(&) = 02In, Wlene
U 1e sbagsved , X s known and ﬁz,(r? Ane unlknown ,
::tw_ BLUE o an eshmable lineas paramefrie -funation
Ap (odheee A Je knowon) s 2_’/;6_ , Ihene (b belng amy
solublon ok e normal equakions. x%@ = XY wokich ane
shizined by minimizing fhe quambihy €'¢ =Y «Xﬁ)’(_@—x/@)
‘w'?ﬁv&fqtf} fo Toe wnknowon veofor L.
fof £ (_a’(ié\_) = NER) [ fé:(x&ji(fg assuming x5
: i | | nm~s)zgu£4}7,j
: ' a‘/@/x)ﬁxlﬁli> T
a’(x/x)"’x’x@- [sinee E[g):)r}@:) -
Ap 5
T rewalns b prove Thak The varuae. s A6 7 ok loggen
fhan Tiak o oy Stk unblased esHmator ¢ AP -
Lok uly be any sfiun unbiaaed ecfimator s{- 278 . Thon
afﬁ:E_(g/g_) = .T;T_H/E[:'i)_: —q/)((é‘ bO‘f)u‘yk (7’6“‘1‘5[”(’5
| A=ux. [ p#0]

Lekus eplit uly o ply= (uly 12@) + _;_1/(3 ‘
Thesefore, v (uk) = v (uly-25 ) + v(a’é)-fzaw(y’g-a'@,g@
o, Cov (L -2, A4 )

= lov '@’y_ — z’éc’x)“&’g s _A_f@’x"'x’g)

= v [ 2PN, 2oy e ]

— CU\/ [_S/g ) _tf_!ij ) M é/: gi—a,()(é(—l}(c _t_/:_a/(xk X,

= "Vou(¥)L

- :Sit'u—l [‘f VNL'&):UJ n]

= (-2 65 I oy ] o

Mo

]
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= [u/= 20 T a] o
= [U(x 2 (x/x)“‘x/x](x’x)"‘a Ninl

- [o-a] a0 uk=A)

= 0 .

T, \/(u’;‘J)~ v (uly - %”‘)Jr V(a’é)

> N(aR) L e (8

Anec Valdomee c% any vohtable 7 @Mnbj nom- nggouhve
Hehae ha f:Tcrtfﬁ'
Nore fhat e ulwl by 30 hatds m&fomu, v(uy ~A! ) 0.
Bub E(ue- AR = B(uy) -B(AE) = Ap-2Ap =0,

T, 3f- e equaliby hotds 1n(8 , fhe differeane (uly-28)
hots boTh maan and VOMW%M%OTMWVS uly
anck 7\’{50610_ YdonHead iy Protobllilrg L. T | v coun
oy fhak fhe BLUE Gﬁ*afn esHmJoJaPamdn fwr@Hcm gt
egtmoble

Ty e Gona- Markoy fhearam provides a vay conven enk—
neTd o shicining fia- BLUE. v{’vm eshnmab e panamelric
Ramalion 7‘/(2, Chfoin & solubion F st e normal QQMHMS@)
ind substtute @rﬁw@ n e Ap +ogerﬂs BLUE AB.

Vomianse ond Covardance o BLUES,
MWWW

r;re.kaw. proved fhat BLUE i} LPF AR e ﬂ(b ) ke
= (XY ey agsuwn& 'W\a]" X 6r Q%WVa}»adﬁiX I<
noh s;rﬁv-lpkh— Now, ae ?‘/{1‘ Ts an eshmator , 50 sfmdand
error (s.e) ¢ a[b hot> % comman nkevest- to prackit onen.
anl2f ) = o (2g7x4) :
= Q\QK) x’(\s‘ In){’/\’(x/x ]
Van(Az) = AVer(®).A "]
= AT (R) X% Q("x)"‘/'\ ™= A e
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’nw_hmee squane root U‘B-W\‘?- VN?—()"(b)'ys taken M orden to
shtadn fha . s.€. 66—2(‘5

dosf I o esfimelle Lo ?’OF’ and 2@,@) respectively
Hholr Covantanae e a‘\ve,n ‘L’ﬂ
Cov (6B A6 R) = My var(B). 2 [ucﬂ A2, %)
ACw(x,z) g,_'[
o 6 X/@LI )[é(’()k‘x " 2w
a6 A o

\]

I

Exawple 8. A tivlal example on "megbusement exror model ”

Supprse fhat-an ovange and an apple wilh unknoon welghks

&) end Az a‘dg}uﬁvdﬁ-[ ; ofie 'N‘a(ﬁ}\_hao( Sepm&/ 1t a e
Aadde . Eooh medsunement— 18 foll pedt bﬂ ‘A > meac vSawand™

Lol noWu'w\q on e faale , -In GTdUL{}Oj@Q— om Idea abhsu-
bypleal “moacuserent errors’, Leb g ansume fhak e measana -
-manks sahify fhe Follswing [inoak medel

H': X°< +e

i le Cg_’,‘éu %, ‘;}1> 5 * e (@,,61,53 GL;

yx2 ( > E(e) =0 , V(e)-(r
g%r (=1C)k.

/

X =

o — O 0o

I
6
0
6]

$o, ety , Yy = ofy + €y
e Yy €2
C ¥ = ofy 4 &
S0 Y SCus aam
T szf\d Yy &)emg d}w&kmmsuumd—% exToT 5 ’M‘z’ be
Used to eshnate the o beﬁﬂb—m azbsimHor\S ‘éhﬁ'@‘b’ ,
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oh

eashsy Infamahon about the oo patanchos ond o,
Wajw’vz,bj, Thute are “severad unblowed eshmafas of 4 -
Auch 28 Yy, Y+ s Yty . The natwsal eshakee’ Yy s
e BLUE & o . fne czh choek This by finding BLUE 2’(‘2?
for g 5 Woe 2= (1,0).

How, Xx = T, &, 8=(60<b=x4> (4

Ano thah -eshe unblaed eusM(‘#,ﬂlz)j@fr K, has

votianoe Vake (Bt = Va(E+6) = 207 St lanly

Vo (#+4) = 20%. Hoe, e arofien unblacd estimafar
e o Y, has fe addibonal baggage & fie Yoo
Wivch Inflate The vaklamnce . Tl example. <hgos fre SpLe
(pectnese’ BTl BLUE over alf The inbloedd estimatar of—
o Lincoh paRanelic Jumation AR (hex, _7)/_0;)‘.

' Eefinafion, Spaae & Eror Spase

Lotus eonéiden fhe following Tmporfamt- fResrem on
charaskhisfies o BLUE of-a (Ineon paramebic f“mHm\,
Ty ooy BLUE (8- kinesh paeanichric funaon) T expressed
in s o fhe sbstations U on Y, The cochiicient veefer

L 3s o Pnedh eombinadion ol fhe columns - X, and

cgmfemely J P)\/&’f linean —ﬁmo,Hm) @%m R 0\*\0_],\'6 Q’E_J
such Rat The coefficient veator £ 3¢ o Unoah. Cmn‘;lm‘nahcvx st
Ho columns 8 X 'I‘s fie BLUE o} hs LxPee}ﬁd\ralw
Pod, T 2p b on eshnable poanoh fonation . Tren
e BLUE % AP, Wlere P sahdfies e novmal equation
8= X4 . :
e fb\ = Q‘dx)”‘X’g , Bseundng’ xk < non-sing

-

\
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Ty - s
<y 7’\/(}, ’@x)‘x’ﬂ =y , ohae V= 9_@&) v

s, L e The colwmn veakor sbwi néd EL]-PN'MP)’\CA%W
U%,x b%‘amw Céo, e o Lneat combinalon 6&“74 cohunng
a\wxseh] 'I[r l R a Ql‘ma}:, mb?ruhm&’o—mcm]wm b’&»x
- L= X fovsome colupn vokr U
Tan E(Fy)= UxB = u'x'Xp Qs}hcaL=Xg> ol
Mo, by fhe 6uss-Markoy (Reorem , BLUB ¢} Mo eshimaksle
ponametie fmetion 0/xx@ 1
ux/xp o= uxly, e b ot ‘e, narfmleztuahm/
.. o Q(’x)lg_*xy . gl
=Ly

TS Q—Xu'isajmnf T, U‘A tﬂrwmyl ”SWE’LUEVIT
st ,e_x]bzob?_d value -
IWMPTGU{T

' Tho abbve. fheorem shows That Tha coe%ﬁv‘a‘w/l'wojm of-all

' BLUE'g ore lineon Gmnblmh‘ans of cofwvmg sk olas)jn wetbrise X

and envesselyy . The spatz. spanned Ly fie” @eolumn veskars ugx-:

is ol called e ‘Bstination Sace’. Sinee Rank () = 1

g e slous Ty Thoe can amest e v’ llHQAhlLl ﬂnBePenEM

eghmable Linean paramatrie :fmnehcms (LPFS) omd *EFE&’(M‘
(mq/m) BLUES
S Tw tcenbe eid maralauc&-a» VZ@)‘Z/{B su@),,

=
o, L= (3 (R x) ~><Q<><) % Xg_o,mn\@:@(k)l_

ﬂ

ok Uy e & éLUE@’{er/ echimable LPF)7s reja)mao\ 24

o op TR eshmaton 5'1:6\& Letus dcbﬁm e tedhymafion.

gpane " s embext & Uinean mede), » e, Gausg. Harkcv Mo‘ael
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Definition : ( Eshmahion Cpaea)
The ‘esHmation space’ of-fhe Gauss Markoy linean medel 1\'5‘
the alass op-alt coelfickent vestrs suek fiak Linaan e rehiong
61 fo. thamationy WiTh wapect o . cny of-Auch Creffjicient”
vosker 3¢ & BLUE ot expeabed value, Ve, echmation
SpAe Js dafw‘rxﬂ ab o

Q= §L: LY e tre BLOB & A 5 ARG, A€R 5 A40]

Rk From The b Theovam, 1t ve clean hak eshnabion
s-Me Qaugs-Markey |inean mdel @' Xé; cr'f,l“)
¢ LX), column Spae o X
soass chowk anolheh SPAOL idch also has an
' pactont role an Livesse MR - Ne have. trodueed The
o £ ol (1neat. 2€X0 Aunation (LZF) tn fage 29- Lejrt\u)
ioiw Al punk veckoy o Auch Mat-E@74) = 0 v\& Trus -
eolloehion aonshifubes o ‘gpace’. This Space contairs . a .
vortoes dnfra contont s Linesse Mel. The Ym ge

- ST T
S — YA =z

ar w &

refonss The £4TOY n e il
fithed UWM&’W‘ €' s Popuwzh{ known
(residual ey - Bne can choak. That £(8/8) = =
SR W hone xe = x(@=x@) = X'y ~x5f =x4-x3 =0.
SD, ECQ@_’D: @_/é}_/%: QIX@_ :Q/é =0. W}W,yﬂ
a Sproipl member € fue f?m 1e toumed ab ¢ Brioy S’Fom/
Lk U d”if‘lm fluls spas forymiﬂuj
Defintbion ¢ ( Erior &pace) Yo
:rkﬂi’emrgpom’ o fre. 150 Mat kov | 'ngos meded s (he i
sk all such Veskrs & such tak g(a’y) =0 for amwyv

ok L, ie. o
5 :50: @E(@Y) =0, frah pissible wluey of 3.5

-
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P
Lok s ossiune. b € Ser"m\l&h&ﬁm; E(bﬁ):b’xé:qg%r '
o) vadus & o . Bk Amplies and dmpled by
bx =0’ or xb =0

& Q’é(w}f@w“w_x(pm) =0
Whhe %o e The I aolwmn of- X
& Hxp=0 ¥ i=i0)pr.
£ b s mﬂw\qgmal fs ta columns of- X
e bl Xy W P=1a)PA) .

T, We have mﬁlrmog reault: |

Reeulb: A lineas fnafon. of e sheovations Y for ishueh T

codficient Veek belorgs to fle -orror epace. T-mnd only Al

dho. cq%'dw voekar s -ortnsgonal to the columms of-x. .

Peman ! From e lagh thestlem |, we know e B(x). finllar
Frow the above Rl we-have b L B (X). Qb Thws, tie
ton g0 Auth b€ CCX)’L¢ e arm@mzlgpcw_%o Fue
Column spags X .

Mo, e o anoTweh Yesudk .

EQSU.‘J‘?'- TE\LCO@%%I\()UAY" Vceh\’ 5&‘0/(“1 BL—UE (WF\QJ\ JZXFTQSS'QQ\'

i i 8 Dnean. amdbination o3 The. sbsuvahipns) e refagqoral

1o . toeficient voetor, of any linoan. combinakion - e

@swﬁ'ms,be[m\g\wﬂ +o fie error S’PM-

the. fited values, » M&(ﬁ)@wu/ [tneok. 2exv SfumeHon (L2F)
s o Unean fanctlen &-fhe vesiduals.

Pt (i) ok Vo be an estinable Uinear paramekde funaHon
(LPR) . b, XE R(x) o A€ £(x’) . Then , doeardivg b e
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Gratss— Marksyv Tkmrem, the BLUB &E—— Z/A 13
af = 2B%) Xty = 2'x" xp (sssumng X exis )

= Ax7y
‘leb BLUE e lneas MOWU%'H\LJC!HQA valies
Y, \2,2) ~) Yn¢
()ﬂf o/y s an LZF be- E(aly)=0& 0'E[¥Y)=0

& A% =0
. & o'x =0 ¥pF0.
& a'xy, =0 ¥r=10)pr,
Wane X = (Koo Her s X(p+))> and Ko domphes
the 1D @’W%Xt
, &1pK) = auﬁ»(&) | |
_w ’f{y ze gp) Pome, 2 2 P, for sowe M0,

TWW 0/z 20 (wwm«gbmm@mm@
=) G/P;(m =0 m, g
Tule wlll oty boppan F 0 hd@ B for some. d =0
‘mmm\/qkl aP,(m— O”(f Px')Px_ ‘ e
= d'(B ~ P ).\_
IS0 R . e C P2 B mm’o&w@m@
Mg, LEF 15 U%Mﬁrm\ oy - d(x-8)8
= d/(y-»Y)

- d/e ( PKB Y) Z|

mezk wm ensnhmod?cm ks?&a.]wsl" rmanmwm
frak 1§ /Y 1e an LZF or b@$efmgs hy the

' ﬂmgpaca, 5 bGE(X)'L l.e. b € (:(I—&D » Hlnee
b ean be wr'flen a% b= @-—Px)d o b= d’(f—&) b«rsm,_
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Fehmadion 8- e evror vasiamae ¢ n The §M midel
WWNMMNW\WwVW

Csnadon- fhe Grauss - Markgy *mo%él Y2 Xp+ e whe
E(g) =0 omd Vo (e) = 0%5n. Heowe! Xp 32 esfimable
ond fhwelsre , BLUE v} x& 7

Ke= x(x%)Hy = By = Y (ear),
Frehe Y 1o lho-pp ortigonal projection oy Y en'to B(x).
The. vesulbivg residual s ahe ghven by

e= 4-Y =y-py = (1:5)y,

the. orihogenal prjection of- Y onto E(Tn-B) oA ).
%o, re2idual Aumw%—icvmhafs e

e =(4-9)(5-3)>@-x8)(s-xf)

= Y @~ (Tn—B) Y

2(TnB)Y )

JBw 92 cswmdn. a et

Resudd: Suppose Z 1< o YomBom wetlor with . E(z):,ﬂ

and Var(2) =3, Then . for & IOh-rondom makdx A,
EC%/AE) = M’A/A + 'b‘rMe(Ai)

Applyimg The above-restt We hawve from @)

a( e'e) = EW(on-£)8) = (@) &R
+ troee ( @n '-Px> o %I}D
=t () tv(&))
(sine x @m&)x
= w/x — x'% (X% ek »O>
0™ (n=%) , Whwne tn(B)= Rank(R). -

, , = Rank (x) =¥
&, T =R [5 (I"'_PX)B] T The M\bio\/&aa esbmdbe oo

1@, SN, Wi ¥ =X B, ¥ = 1 Pror o .

-—_—
-—
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Tie e Aiffereal ways fo Losk ok The comparicion sf-
mudels . So fur Wz hawe lsoked ak companing [seleefing
medels baned o R*or ajusted R* valuss , model
significance test 5 t-tests for vvaableg) added last .
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